Abstract. If F → E → B is a fibration, a classical result of Varadarajan asserts that cat E ≤ cat F +cat B(cat F +1), where cat S denotes the Lusternik-Schnirelmann category of S. We give improved upper bounds in the rational case of the form
Introduction
Let S be a simply connected CW complex of finite type. The LusternikSchnirelmann category of S, cat S, is the least integer n such that S can be covered by n + 1 open sets, each contractible in S [12] . In general, the computation of the category is very difficult, even for compact Lie groups, where some recent progress has been made by James and Singhoff [11] . We present here a new upper bound for the category of the total space of a fibration that considerably improves the classical one in many cases.
The main ingredient is a new homotopy invariant related to the category, the rational retraction index, r 0 S. This integer lies between the rational category (i.e. the category of the rationalization S 0 ) and the depth of the rational loop space homology depth H * (ΩS; Q) ≤ r 0 S ≤ cat 0 S.
For example, if S is an H-space of finite dimension, so that π even (S) ⊗ Q = 0 and dimπ odd (S) ⊗ Q < ∞, then r 0 S = cat 0 S.
The retraction index turns out to be an important tool for estimating the rational category of the total space of a fibration F → E → B. The classical formula for an upper bound for the category, due to Varadarajan [15] , is cat E ≤ cat F + cat B (cat F + 1).
Our principal result is to use the invariant r 0 S in order to improve this formula. In the following, we suppose that B is simply connected and that all spaces have the homotopy type of a CW complex of finite type. We obtain Theorem 1. If F → E → B is a fibration, then cat 0 E ≤ cat 0 F + cat 0 B(cat 0 F + 2 − r 0 F ).
In particular, for fibrations with a Poincaré duality complex as fibre, we obtain a rational version of the James-Singhoff theorem [11] that avoids their dimension hypothesis: Corollary 1. Let F → E → B be a fibration. Suppose that F is a Poincaré duality complex whose cohomology algebra requires at least two generators. Then cat 0 E ≤ cat 0 F + cat 0 Bcat 0 F.
From the relation between retraction index and depth, we deduce from the theorem the following weak version of our upperbound theorem: Corollary 2. If F → E → B is a fibration, then cat 0 E ≤ cat 0 F + cat 0 B(cat 0 F + 2 − depth H * (ΩF ; Q)).
When the inclusion of the fibre F → E induces an injection in rational homotopy, the upper bound for cat 0 E can be reduced by cat 0 B:
− → E → B is a fibration, and π * i ⊗ Q is injective, then
The hypothesis on F → E is satisfied for instance when the fibration admits a section, or if the centre of the rational homotopy Lie algebra of F is trivial. Together, Theorem 2 and Proposition 3 yield
We note that the conclusion of Theorem 1 is also valid when cat 0 B is replaced by cat 0 (E → B).
This paper is organized as follows. In the next section, we prove Propositions 1 to 4, using Sullivan minimal models. The relationship between the depth and the retraction index is proved in section 3, and the main theorems are established in section 4. In section 5, we give examples to show that the predicted bound of the theorem is sharp, and then conclude with some open questions.
In what follows, all spaces will have the homotopy type of simply connected CW complexes of finite type. We refer the reader to [4] for the necessary background in rational homotopy theory.
Properties of r 0 F
In this section we establish some properties of the retraction index. We begin by recalling some rather technical but ultimately very useful facts about the models we will work with. Suppose (ΛY, d) is a connected minimal model and d = d 2 is the quadratic part of the differential. Recall [3] that for a positive integer q we have a commutative diagram of bigraded (ΛY,
is a semi-free extension in which Y i (in topological degree i) has bigradation (1, i), Q = Q 0,0 , and M q = M q, * q . As mentioned above, we may suppose that p q (M q ) = 0, and in this case, all maps in the diagram are bigraded maps of bidgree (0, 0) (Indeed, it for this we add the mysterious condition p(M cat 0S ) = 0 in the definition of r 0 S.) The differential δ 2 may then be perturbed by a standard technique (relying on the fact that H >q, * (ΛY /Λ >q Y, d 2 ) = 0) to a differential δ such that we have a commutative diagram of filtered (ΛY, d)-differential modules
We will have occasion to lift filtered maps over filtered maps, and the lift will always be able to be constructed, as above, as a perturbation of a bigraded map, say of bidegree (r, d), and then the lift will be a filtered map of filtration degree r. Taking account of the preceeding comments, one may now establish the homotopy invariance of r 0 S by applying the standard lifting lemma in its filtration preserving version.
Before beginning the proofs, we need a lemma that shows that the retraction index does not 'decay' in higher Ganea fibrations. We refer the reader to the diagram above for notation.
. By a perturbation argument similar to that used above, we can perturb δ 2 to δ and simultaneously µ 0 to
) is a retraction guaranteed by cat 0 (ΛY, d) = n and r 0 (ΛY, d) = r, and define ρ q to be the composition
The properties of the λ k 's assure us that
since −n + r ≤ 0. This completes the proof the lemma.
We now proceed with the proofs of the Propositions.
) be a minimal model of S k , and denote cat 0 S k by n k , r 0 S k by r k , k n k by N and k r k by R. By hypothesis, there are commutative diagrams
Since q is surjective, the homotopy lifting property yields a map τ making the following diagram commutative
Moreover, τ i = k i k , and since τ is the lift of a filtration preserving map over another, we may assume that τ is as well. Therefore, a retraction of i is given by ρ = ( k ρ k ) • τ . Moreover, this will satisfy
and a short computation using the fact that
The proof of Proposition 2 follows that of the Ganea conjecture for M cat 0 of [10] .
Proof. We give the proof for an even sphere, that of the odd sphere being even easier. Suppose (ΛX, d) is a minimal model for S and (Λ(y, u), d) with dy = 0 and du = y 2 a minimal model for the sphere S |y| . Let m denote cat 0 S, and r + 1 denote r 0 (S × S |y| ). In view of Proposition 1, all we need to show is that r 0 S ≥ r. Consider the (ΛX)-module maps
and
for α, α 0 , α 1 ∈ ΛX and β, γ ∈ ΛX ⊗ Λ(y, u). A quick check shows that both are also maps of differential modules, and that ϕ • µ = id ΛX . Note that with the canonical filtration F r A = Λ ≥r X.A, both µ and ϕ are filtration preserving. Let Λ(X, y, u) denote ΛX ⊗ Λ(y, u).
The map µ induces a mapμ and the homotopy lifting property yields a commutative diagram of (ΛX, d)-modules
in which we may chooseμ to be filtration preserving, since it is the lift of such a map over another. Because ϕ also preserves the filtration, the (ΛX, d)-module map ϕ • ρ •μ shows that r 0 S ≥ r.
An almost identical argument establishes
Proposition 5. If CP n denotes complex projective n-space,
We note however than this is probably not a sharp bound, since in the last section, we present the example r 0 (CP
Proposition 3 follows directly from the more general result Proposition 6 below. Recall [2] that the Milnor-Moore spectral sequence Ext H * (ΩS;Q) (Q, Q) =⇒ H * (S; Q) coincides from the E 2 -term on with the spectral sequence obtained by filtering a Sullivan minimal model (ΛX, d) of S by the word length.
The Ginsburg invariant l 0 (S) is the least n such that E n+1 = E ∞ , and we always have l 0 (S) ≤ cat 0 S [6] . For example, when S is a coformal space, l 0 (S) = 1, though the following example shows that the converse is not true: If S is the homotopy fibre of the map
represented by the elements
, where |x 1 | = |x 2 | = |x 3 | = 4 and |x 4 | = 6, then l 0 (S) = 1 but S is not coformal.
An easy consequence of the definition is that if in a Sullivan minimal model (ΛX, d) of S we have dα ∈ Λ ≥l0(S)+m X, then there is α ∈ Λ ≥m X with dα = dα .
Proof. Denote by (ΛX, d) a minimal model of S, and suppose cat 0 S = n.We then have a commutative diagram
increases (length) filtration degree by at least one.
We will prove by induction on the topological degree that we can choose a re-
Because cat 0 S = n, H * i is injective, so β = dα, and, as mentioned above, we may choose ρ(m) = α ∈ Λ ≥n X because l 0 (S) = 1. Now assume ρ has been defined on M n,<k with ρ(M n,<k ) ⊂ Λ ≥n X, and let m ∈ M n,k . Then, since ρ is filtation preserving on M n,<k , and
>n X, which we can again choose to be the coboundary of an element ρ(m) = α ∈ Λ ≥n X.
Remark. Note that this actually proves that l 0 (S) = 1 =⇒ r 0 S = e 0 S = cat 0 S, where e 0 S is the Toomer-Moore invariant which always satisfies e 0 S ≤ cat 0 S [14] We prove now a slightly more general result that will have Proposition 4 as a corollary [8, 1] . Proposition 7. If S and T are complexes with dim T < p such that
Proof. Suppose cat 0 S = n and that (ΛX, d) is a Sullivan minimal model for S. Since
, and so in particular, ρψ(G) ⊂ Λ ≥2 W . We also have the following commutative diagram
from which we may conclude that σρψ(G) ⊂ A. Thus, σρψ factors through A to yieldσ : ΛX ⊗ (Q ⊕ G) → A which we can lift over the surjective quasi-isomorphism ΛX − → A to a mapρ : ΛX ⊗ (Q ⊕ G) → ΛX of (ΛX, d)-modules, which is thus a retraction. We now complete the proof of the proposition with
Proof of Lemma 2. From our lift of σρψ, we obtain the diagram
where the left-hand square commutes and the right hand square commutes up to homotopy (because σρψ = σjρ and σ is a quasi-isomorphism.) Moreover, since ρψ(G) ⊂ Λ ≥2 W , τ ρψ(G) = 0. Since T → S is surjective in rational homotopy, and (
The homotopy τ ρψ τjρ means that we have a ΛX-module map
with h(1) = 0, h(G) ⊂ X ⊕ Y (for degree reasons) and τjρ − τ ρψ = dh + hd = hd.
Applying this to G, we find
This concludes the proof of the lemma and the Proposition.
The retraction index and the depth
We prove here the promised relation between the retraction index and the homotopy Lie algebra. Proof. The proof will imitate that of Lemma 2.9 of [3] .
Recall that the depth of a graded augmented Q-algebra A is the least n such that Ext 
of (ΛV, d)-differential modules exists. Suppose that depth H * (ΩS; Q) = r. We contruct a retraction ρ r with ρ r (M n ) ⊂ Λ ≥r V by induction as follows. For degree reasons, we can always assume that ρ 1 (M n ) ⊂ Λ ≥1 V . Now assume that for 1 ≤ i − 1 ≤ r we have a map of (ΛV, d)-differential modules
Thus the map α is a cocycle in Hom 
Proof of Theorems 1 and 2
Let F → E → B be a fibration, and (ΛX, d) → (ΛX ⊗ ΛY, D) → (ΛY,D) its relative Sullivan model. We denote cat 0 B = n, cat 0 F = m and r 0 F = r 0 , and for convenience of notation, set ε = m − r 0 + 2, which we note is always at least 2.
Our goal is to show that (ΛX ⊗ ΛY, D) is a homotopy retract of 
We thus have a sequence of surjective maps
all of which, as we shall show, admit homotopy retractions. Before building the retractions, we show that Γ 0 satisfies (1) above. Note that
>n X ⊗ ΛY, and
An element γ of Γ 
Hence, in either case, Λ >m+nε (X ⊕ Y ).Γ 0 = 0. We begin the retractions with the first map. Since cat 0 B = n, the inclusion i n in the following commutative diagram admits a retraction ρ
which is quasi-isomorphic to (ΛX/Λ >n X ⊗ ΛY, D) = Γ n+1 . This gives us the first homotopy retraction.
We continue with the contruction of the retractions Γ k → Γ k+1 , for 0 ≤ k ≤ n, and we will facilitate this by replacing Γ k by another module Γ k , which is quasiisomorphic to Γ k , and which contains Γ k+1 as a submodule.
First, we recall that by Lemma 1, for each q ≥ m,the map i q in the diagram
of (ΛY,D)-modules admits a retraction ρ q satisfying ρ q (M q ) ⊂ Λ ≥q−m+r Y. Now note that Γ k is isomorphic as a graded vector space to
The summand Γ k+1 is included as a (ΛX ⊗ ΛY, D)-differential submodule, and the (ΛX ⊗ ΛY )-module structure and the differential on Λ k X ⊗ ΛY ⊗M are defined by
|α||y| α ⊗ (y · β) ⊗m, and
where x ∈ X, y ∈ Y , α⊗ β ⊗m ∈ Λ k X ⊗ ΛY ⊗M , and we have denoted m +(n− k)ε by q. We extend d as a derivation of the module, but we need to check that
and the surjective quasi-isomorphism
, and define π : Γ k → Γ k by mapping π |Γ k+1 = τ and π(α ⊗ β ⊗m) = 0.
To see that π is a map of (ΛX ⊗ ΛY,D)-modules, it suffices to check that πd(α ⊗ β ⊗m) = 0. But πd(α ⊗ β ⊗m) = π(α ⊗D q (β ⊗m)) = ±α.βD qm ∈ Λ k X ⊗ Λ >q Y and so is zero in Γ k . Since π is surjective, to show that it is a quasi-isomorphism, it suffices to show that
, and the differential in ker π is zero on Λ k X, andD q on ker p q . Thus, H * (ker π) = Λ k X ⊗ H * (ker p q ) = 0, because p q is a surjective quasi-isomorphism. Finally, we complete the proof of the theorem by proving that Γ k+1 is a retract of Γ k .
Define σ k : Γ k → Γ k+1 as the identity on Γ k+1 and, using the retraction ρ q , by
, which is zero in Γ k+1 . To conclude, we show that σ k d = D k+1 σ k , and remark that this only needs to be checked on Λ k X ⊗ ΛY ⊗M :
On the other hand,
The proof of Theorem 2 follows exactly the same lines. In that case, we are able to decrease ε by one to cat 0 F − r 0 F + 1 because when F → E is injective in rational homotopy, the differential in the model of the fibration (ΛX ⊗ ΛY, D) can be chosen to satisfy DY ⊂ ΛX ⊗ Λ + Y ⊕ (Λ + X ⊗ ΛY ).
Examples and Open problems
We present here some examples to show that the estimates of the theorems and the corollaries, are sharp, and end by posing some open questions. where |a| = |b| = 2, |x| = |y| = 3, |h| = 4, |w| = 7, da = db = dh = 0, dx = a 2 + h, dy = b 2 + h, and dw = h 2 . Here, the base space is S This example shows that the estimates of Theorem 1, Corollaries 1 and 2, and Propositions 1 and 4 are sharp, and that some extra hypothesis on F → E → B is necessary for the estimate of Theorem 2 to hold.
Example 2.
Here we present examples with r 0 = 1 where the bound of Theorem 1 is attained. Let n ≥ 1 and k ≥ 2 and consider the space with model A k (n) = Λ(a, x; d) with da = 0 and dx = a n+1 , and |a| = 2k. We then have a fibration
where da = 0 = db, dx = a j+1 , dy = b n+1 + a, and |a| = 2k(n + 1), which is the model of a fibration. The base space B satisfies cat 0 A k(n+1) (j) = j, the fibre F has cat 0 A k (n) = n, while the total space E has cat 0 A k ((n + 1)(j + 1) − 1) = (n + 1)(j + 1) − 1 = cat 0 F + cat 0 B(cat 0 F + 1).
By Theorem 1, we see that r 0 F = 1 and so the upper bound is attained.
Example 3. If we take the product of the total space and the fibre of example 2 with (S
Q we then have a fibration
where cat 0 B = j, cat 0 F = n + p, cat 0 E = (n + 1)(j + 1) + p − 1, and r 0 F = p + 1, showing that the bound of Theorem 1 can be attained for any value of r 0 F . where |b| = |c| = 2, da = db = dc = 0, dx = a 2 , dy = b 2 dz = bc, and dw = c 2 + a. Since the fibre is coformal and the base is S T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  Λ 
